Rigid hereditarily indecomposable continua  by Reńska, Mirosława
Topology and its Applications 126 (2002) 145–152
www.elsevier.com/locate/topol
Rigid hereditarily indecomposable continua ✩
Mirosława Ren´ska
Institute of Mathematics, University of Warsaw, Banacha 2, 02-097 Warsaw, Poland
Received 23 April 2001; received in revised form 22 January 2002
Abstract
We show that there exist rigid hereditarily indecomposable continua which are:
(a) n-dimensional Cantor manifolds for every n ∈N,
(b) hereditarily strongly infinite-dimensional Cantor manifolds, or
(c) countable-dimensional continua of every given transfinite dimension, small or large.
Moreover, there exist continuum many topological types of rigid hereditarily indecomposable
continua of every such kind.
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1. Preliminaries
Our terminology follows [5–7]. All spaces are metrizable separable. The main objective
of this paper is to construct, for every n ∈ N, examples of rigid hereditarily indecom-
posable n-dimensional Cantor manifolds. This, for n > 1, answers a question asked by
J.T. Rogers Jr. Moreover, we will construct a family of cardinality continuum consisting
of topologically different continua of this type. We shall show also that there are contin-
uum many topologically different rigid hereditarily indecomposable hereditarily strongly
infinite-dimensional Cantor manifolds and continuum many topologically different rigid
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hereditarily indecomposable countable-dimensional continua of every given small (large)
transfinite dimension. Our constructions depend on a method of condensation of singular-
ities.
1.1. By a continuum we mean a compact connected metric space. A continuum is inde-
composable, if it is not the union of two proper subcontinua. A continuumX is hereditarily
indecomposable (shortly, h.i.), if every subcontinuum of X is indecomposable. As proved
by Bing [2], for every n ∈N there exists a connected hereditarily indecomposable partition
L between the opposite faces of the n-cube In. In particular, there exist h.i. continua of
every finite dimension n.
A space X is rigid, if every homeomorphism h of X onto X is the identity mapping.
By a theorem of Cook [4], there exists a 1-dimensional h.i. continuum X such that no
continuum K ⊂ X can be continuously mapped onto a non-trivial subcontinuum of X
different from L. In particular, every subcontinuum of X is rigid and every two non-
trivial different continua contained in X are topologically different. Therefore there exists
a family of cardinality continuum consisting of topologically different 1-dimensional rigid
h.i. continua.
By ind (Ind) we will denote the transfinite extension of the inductive Menger–Urysohn
dimension (of the inductive Brouwer dimension, respectively), see [5, Chapter 7]. Let us
recall that for a compact space X, indX =∞= IndX if and only if X is not a countable
union of finite-dimensional sets; otherwise indX and IndX are countable ordinal numbers
(not necessarily equal to each other).
1.2. If x is a point in a continuum X, the composant C(x) of x in X is the union of all
proper subcontinua of X containing x . If X is a non-trivial h.i. continuum, then (see [7,
§48, VI])
(i) every composant of X is an Fσ boundary and dense subset of X; and
(ii) different composants of X are disjoint; in particular,
(iii) X has uncountably many composants.
We shall apply a method of condensation of singularities (see [1,8,3]). More precisely,
we shall use the following theorem, which is a special case of [9, Theorem 3.2] (see [9,
Remark 3.3, Proposition 3.4 and Lemma 2.8]; cf. also [3, Section 2]).
1.3. Theorem. Let M and K be hereditarily indecomposable continua and let A be a
countable dense subset of M . Then there exist a continuum S(M,K,A) and a mapping
p :S(M,K,A)→M such that
(i) S(M,K,A) is a hereditarily indecomposable continuum,
(ii) p | p−1(M \A) :p−1(M \A)→M \A is a homeomorphism,
(iii) the set p−1(M \A) is dense in S(M,K,A),
(iv) p−1(a) is homeomorphic to K for every a ∈ A and every non-empty open subset of
S(M,K,A) contains p−1(a) for some a ∈A,
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(v) if n and α  n are ordinal numbers such that Ind(M) n < ω0 and IndK  α < ω1
then IndS(M,K,A) α,
(vi) if n and α  n are ordinal numbers such that ind(M) n < ω0 and indK  α < ω1
then indS(M,K,A) α,
(vii) the image p(C(x)) of the composant of x in S(M,K,A) is the composant C(p(x))
of p(x) in M and p−1(C(p(x)))= C(x).
2. Rigid hereditarily indecomposable continua
2.1. Theorem. Let M , K and N be non-trivial hereditarily indecomposable continua such
that K is not embedable into M and let E be a countable dense subset of N. Then there
exists a countable dense subset A of M such that
(i) cl(A∩L) is countable for every proper subcontinuum L of M; and
(ii) the continuum S(M,S(N,K,E),A) is rigid.
Proof. Let C1,C2, . . . be a sequence of different composants of M (see 1.2(iii)) and
k1, k2, . . . be a sequence of points of M such that
(1) ki ∈ Ci for i = 1,2, . . . and the set {ki : i ∈ N} is a dense subset of M (see 1.2(i)).
Let Ki , for i = 1,2, . . . , be subsets of M such that
(2) Ki is a countable compact subset of Ci and (Ki)i = {ki} for i = 1,2, . . . , where
(Ki)
i stands for the ith derivative of the set Ki (see [5, 6.1.I (a)]).
Let Ai be the set of all isolated points of the set Ki and A =⋃∞i=1Ai . Since every
proper subcontinuum L of M is a subset of a composant of M , then, by (2), the set L ∩A
is a subset of a countable compact set Ki for some i ∈N, which demonstrates (i).
Let X = S(M,S(N,K,E),A) and p :X→M be as in Theorem 1.3. We will prove
that X is a rigid continuum. Let h :X→X be a homeomorphism and for any Y ⊂X let us
define
(3) T (Y )=⋃{D ⊂ Y : D is homeomorphic to S(N,K,E)}. We will show that
(4) T (p−1(C))= ∅ for every composant C of M such that C /∈ {C1,C2, . . .},
(5) cl(T (p−1(Ci))) \ T (p−1(Ci))= p−1((Ki)1) for i = 1,2, . . . , and
(6) h(T (Y ))= T (h(Y )) for every Y ⊂X.
Let C be a composant of M and K ′ ⊂ p−1(C) be a continuum homeomorphic to
S(N,K,E). By Theorem 1.2(iv) we have
(7) every non-empty open subset of K ′ contains a copy of K .
Since K is not embedable in M , then by Theorem 1.3(ii) and (7), no non-empty open
subset of K ′ is contained in X \ p−1(A). This demonstrates (4) and shows that in the
case C = Ci , where i ∈N, we have K ′ \ p−1(Ki)= ∅, since the set K ′ \ p−1(Ki)⊂K ′ \
p−1(A)⊂X \p−1(A) is open in K ′ by (2). Therefore in this case the set K ′ is a connected
subset of p−1(Ki) and hence is a subset of the union of all non-trivial components of
p−1(Ki) that is equal to p−1(Ai) by Theorem 1.3(ii) and (iv). So we have T (p−1(Ci))=
p−1(Ai) and cl(T (p−1(Ci))) \ T (p−1(Ci)) = p−1(Ki) \ p−1(Ai) = p−1((Ki)1), Ki
being a compact set by (2). This finishes the proof of (5). The condition (6) is obvious.
Since, by Theorem 1.3(ii),
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(8) p | p−1((Ki)1) is a homeomorphism onto (Ki)1 for i = 1,2, . . . , then from (2)
and (5) it follows, that the set T (p−1(Ci)) is non-empty for i = 1,2, . . . and it is not
homeomorphic to T (p−1(Cj )) for j = 1,2, . . . , j = i . So, by (4), it follows that for any
composant C′ of M different from Ci we have h(T (p−1(Ci))) = T (p−1(C′)) and hence,
by (6), h(p−1(Ci)) = p−1(C′). Since the image of p−1(Ci) under a homeomorphism h
must be a composant of X and any composant of X is of the form p−1(C′), where C′ is a
composant of M (see Theorem 1.3(vii)), it follows that h(p−1(Ci))= p−1(Ci). Therefore,
by (5) and (6), for i = 1,2, . . . we have
h
(
p−1
(
(Ki)
1)) = h(cl(T (p−1(Ci))) \ T (p−1(Ci)))
= cl(h(T (p−1(Ci)))) \ h(T (p−1(Ci)))
= cl(T (h(p−1(Ci)))) \ T (h(p−1(Ci)))
= cl(T (p−1(Ci))) \ T (p−1(Ci))= p−1((Ki)1)
and so, by (2) and (8), h(p−1(ki))= p−1(ki). By (1) and Theorem 1.3(ii) and (iii), the set
{p−1(k1),p−1(k2), . . .} is a dense subset of X, so h must be the identity mapping. This
ends the proof of (ii).
We shall show that the proof of Theorem 2.1 can be modified to give the following
result. ✷
2.2. Theorem. Let M , K and N be non-trivial hereditarily indecomposable continua such
that K is not embedable into M and let E be a countable dense subset of L. Then there
exist a set A of cardinality continuum and a family {Aα,α ∈A} of M such that
(i) cl(Aα ∩L) is countable for every proper subcontinuum L of M;
(ii) the continuum Xα defined by Xα = S(M,S(N,K,E),Aα) is rigid for α ∈A; and
(iii) Xα is not homeomorphic to Xβ for α,β ∈A, α = β .
Proof. Let A denote the set of all increasing sequences of natural numbers. For every
α = (a1, a2, . . .) ∈A we define a set Aα similarly as the set A in the proof of Theorem 2.1
replacing the condition (2) by the condition
(9) Ki is a countable compact subset of Ci and (Ki)ai = {ki} for i = 1,2, . . . , and we
prove (i) and (ii) by repeating the reasoning in the proof of Theorem 2.1.
To end the proof of Theorem 2.2 it remains to show that Xa1,a2,... is not homeomorphic
to Xe1,e2,... for any two different increasing sequences (a1, a2, . . .) and (e1, e2, . . .) of
natural numbers. If {ai : i ∈ N} = {ei : i ∈ N} then one of sets {ai : i ∈ N}, {ei : i ∈ N}
is not a subset of the another. Without loss of generality we can assume that {ai : i ∈N} ⊂
{ei : i ∈N}. Then there exists a number k ∈ {ai: i ∈N} \ {ei : i ∈N}. Let us define, for any
metrizable separable space Y , the following condition
(10) the set (clY (T (Y )) \ T (Y ))k−1 is a one-point set, where T (Y ) is defined in (3).
By (4), (5) and (9), there exists a composant C of the space Xa1,a2,... satisfying the
condition (10) for Y = C and no composant of Xe1,e2,... satisfies this condition. Since
every homeomorphism maps a composant C′ satisfying the condition (10) for Y = C′
onto a composant satisfying this condition, there is no homeomorphism between the space
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Xa1,a2,... and the space Xe1,e2,.... Since the set A has cardinality 2ℵ0 , this ends the proof of
Theorem 2.2. ✷
3. Rigid hereditarily indecomposable α-dimensional continua
The main goal of this section is to prove the following two theorems.
3.1. Theorem. For every hereditarily indecomposable n-dimensional continuum K , where
n ∈ N, there exists a family {Xα : α ∈A}, where A is a set of cardinality continuum, of
topologically different rigid hereditarily indecomposable n-dimensional Cantor manifolds,
topologically containing K .
3.2. Theorem. For every hereditarily indecomposable continuum K there exists a family
{Xα: α ∈ A}, where A is a set of cardinality continuum, of topologically different rigid
hereditarily indecomposable continua, topologically containingK and such that IndXα =
IndK and indXα = indK for α ∈A.
Note that for every countable ordinal number α there exists a hereditarily indecom-
posable continuum K with IndK = α or, respectively, indK = α (see [9], where several
constructions of such continua, with some additional properties, are given). To prove The-
orem 3.1 we shall need the following two lemmas.
3.3. Lemma. Let L⊂ In+2 be a hereditarily indecomposable connected partition between
In+1 × {0} and In+1 × {1} in In+2 and let f :L→ In+1 be the restriction to L of the
projection of In+2 = In+1 × I onto In+1. Then f satisfies the following conditions:
(1) f is light,
(2) for every continuum X ⊂ In+1 there is a continuum M ⊂ L such that f (M)=X and
indM = indX.
Proof. The condition (1) follows from the fact that for every x ∈ In+1 the set f−1(x) is a
subset of the set homeomorphic to the interval and f−1(x) does not contain topologically
any non-trivial interval, by the hereditary indecomposability of L. Let X ⊂ In+1 be a
continuum. Then there exists a decreasing sequence X1 ⊃ X2 ⊃ · · · of locally connected
subcontinua of In+1 such that X =⋂∞i=1Xi (for example, we can define Xi as the union
of all elements of Xi intersecting X, where Xi is a finite covering of In+1 by n+ 1-cubes
of diameter  1
i
such that Xi+1 refines Xi for i = 1,2, . . .). Since the cone over Xi is
unicoherent (see [7, §57, III and I, Theorem 9]), every partition between Xi ×{0} and Xi ×
{1} in Xi × I contains a subset that is a connected partition between Xi ×{0} and Xi ×{1}
in Xi × I , for i = 1,2, . . . . Therefore we can construct inductively a decreasing sequence
L⊃ L1 ⊃ L2 ⊃ · · · of continua such that everyLi is a connected partition betweenXi×{0}
and Xi × {1} in Xi × I for i = 1,2, . . . . Take a continuum M defined by M =⋂∞i=1Li .
Since Li intersects every continuum in Xi × I joining the top and the bottom of the
cylinder Xi × I for every i = 1,2, . . . , then M is a subset of X × I intersecting every
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continuum in X × I joining the top and the bottom of the cylinder X × I . Therefore we
have indM  indX (see [7, §59], [5, 1.8.18], cf. also [10, Section 2(A)]). One can easily
check that f (M)=X and thus indM  indX by (1). This completes the proof of (2). ✷
3.4. Lemma. For every n-dimensional continuum K there exists an n-dimensional hered-
itarily indecomposable continuum M such that K is not embedable into M .
Proof. Let W be a Waraszkiewicz spiral that is not a continuous image of K (see
[14]). By [12, Theorem 4], there exists a 1-dimensional continuum Ŵ ⊂ I 2 such that
(3) each non-trivial subcontinuum of Ŵ can be continuously mapped onto W .
Let L ⊂ In+2 be a h.i. connected partition between In+1 × {0} and In+1 × {1} (see
Section 1.1), and let f :L → In+1 be as in Lemma 3.3. Let q : In+1 → I 2 be the
projection of In+1 onto I 2. By Lemma 3.3(2), there exists a continuum M ⊂ L such that
f (M)= q−1(Ŵ ) and indM = indq−1(Ŵ )= ind(Ŵ × In−1)= n. We will prove that no
subcontinuum of M can be homeomorphic to K . Let us assume on the contrary that there
is a continuum K ′ ⊂M such that K ′ is homeomorphic to K . Then, since the fibers of qf
are at most (n − 1)-dimensional by (1), the set q(f (K ′)) is a non-trivial subcontinuum
of Ŵ . Therefore, by (3), K ′ can be continuously mapped onto W , a contradiction. ✷
Proof of Theorem 3.1. Let K and N be n-dimensional h.i. continua and let E be
a countable dense subset of N . By Lemma 3.4 there exists an n-dimensional h.i.
continuumM , such that K is not embedable intoM . Since every n-dimensional continuum
contains an n-dimensional Cantor manifold, we can assume that M is an n-dimensional
Cantor manifold. Let {Xα = S(M,S(N,K,E),Aα): α ∈ A}, where A is a set of
cardinality continuum, be a family of topologically different rigid continua described in
Theorem 2.2. By Theorem 1.3(i), (iv) and (vi), every Xα is a h.i. n-dimensional continuum
topologically containing K . To end the proof of Theorem 3.1 it remains to show that Xα
is a n-dimensional Cantor manifold for α ∈A. Let L⊂Xα be a partition in Xα . One can
easily check that by (ii), (iii) and the monotonicity of p, the set p(L) is a partition in M .
Therefore p(L) contains an (n−1)-dimensional continuum D, M being an n-dimensional
Cantor manifold. Since the set Aα satisfies the condition (i) of Theorem 2.2, we have
ind(D \ Aα) = n − 1 and so by Theorem 1.3(ii) we have indL  n − 1, which ends the
proof of Theorem 3.1. ✷
Proof of Theorem 3.2. The proof of Theorem 3.2 is similar to the proof of Theorem 3.1.
In the case when K is finite-dimensional, Theorem 3.2 follows immediately from
Theorem 3.1. If indK  ω0 then one gets a required family {Xα : α ∈ A} by applying
Theorem 2.2 to the continuum K and any non-trivial finite-dimensional h.i. continua M
and N , and repeating the reasoning in the proof of Theorem 3.1. To show that IndXα =
IndK and indXα = indK we use conditions (v) and (vi) of Theorem 1.3. ✷
4. Rigid hereditarily indecomposable infinite-dimensional Cantor manifolds
Let us recall that a space X is weakly infinite-dimensional if or each infinite sequence
(A1,B1), (A2,B2), . . . of pairs of disjoint closed subsets of X there are partitions Li
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between Ai and Bi in X such that
⋂∞
i=1Li = ∅. A space X is strongly infinite-
dimensional if it is not weakly infinite-dimensional. An infinite-dimensional compactum
X is hereditarily strongly infinite-dimensional if every subset of X of positive dimension
is strongly infinite-dimensional (first such compactum was constructed by Rubin [13], cf.
also [5, 6.1.G(a)]). An infinite-dimensional continuum X is a Cantor manifold if every
partition between any pair of points of X is infinite-dimensional.
In this section we prove the following theorem:
4.1. Theorem. There exist continuum many topologically different rigid hereditarily
indecomposable hereditarily strongly infinite-dimensional Cantor manifolds.
Proof. By [11, Theorem 4.2], there exists a pair M, K of h.i. hereditarily strongly infinite-
dimensional Cantor manifolds such that K is not embedable into M . By Theorem 2.2
there exists continuum many topologically different rigid continua Xα,α ∈A, of the form
Xα = S(M,S(M,K,E),Aα), where E and Aα are countable dense subsets of M . The
proof that Xα,α ∈A, are h.i. hereditarily strongly infinite-dimensional Cantor manifolds
is similar to the reasoning in [11, Example 5.1]. ✷
4.2. Remark. E. Pol in [11, Example 5.1], constructed two families X and Y of cardinality
continuum consisting of topologically different h.i. continua without non-trivial weakly
infinite-dimensional subcontinua such that elements of X are hereditarily strongly infinite-
dimensional and every element of Y contains a 1-dimensional subset. Note that applying
Theorem 2.2 to continua M , N and K , where M = N is any h.i. hereditarily strongly
infinite-dimensional Cantor manifold and K is a h.i. continuum all of whose non-trivial
subcontinua are strongly infinite-dimensional, but which contains a 1-dimensional subset,
constructed in [11, Example 3.1], we obtain a family {Xα : α ∈A} of cardinality continuum
consisting of topologically different rigid h.i. Cantor manifolds without non-trivial weakly
infinite-dimensional subcontinua such that every Xα contains a 1-dimensional subset. The
proof that Xα are h.i. infinite-dimensional Cantor manifolds without non-trivial weakly
infinite-dimensional subcontinua and every Xα contains 1-dimensional subset for α ∈A,
is similar to the reasoning in [11, Example 5.1].
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